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For the functional equation 
L y(t) + w, Y(m) =f(tX n > 2, 
1 d L”=id--... d 1 d 
PM dt P,-,(t) dt dt p,(t) dt PoW 
sufficient conditions have been found to ensure that a solution is either quickly 
oscillating or else it is nonoscillatory. Both canonical and noncanonical forms of L, 
have been studied. 
1. INTRODUCTION 
In [9, Theorem 31, this author obtained sufficient conditions to ensure that 
all proper solutions of the second order ordinary differential equation 
Y”W + g(t) YW = 0 (1) 
are quickly oscillating. Quick oscillations in (1) were also shown to be 
related to the corresponding forced equation 
v”(t) + 4(f) YO) =fW (2) 
having all its nonoscillatory solutions approach zero as t + co. The literature 
is very scanty about the phenomenon of quick oscillations in functional 
equations such as 
Y”W + 4(t) YMO) =f(O 
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especially when g(t) is a retardation. Recently Philos and Staikos [4 1 
obtained some results about the asymptotic nature of nonslowly oscillatory 
solutions of the functional equation 
(r,- I(t)(r,-z(t)(...(rl(t)o x(O)‘>’ .. .)‘I’ 
+ a(c) wv,(O)~ x(Jd4L wm,(m> 
= b(t), t > t, > 0. (4) 
However, the results obtained by Philos and Staikos 141 assume that Eq. (4) 
has quickly oscillating solutions. No general sufficiency-type results seem to 
be known to guarantee the existence of such solutions in functional equations 
such as (3) or (4). 
Our main purpose in this work is to obtain sufficient conditions for quick 
oscillations in the equation 
L, Y(t) + m Y( g(f)>> =f(O, (5) 
where II > 2 and L, denotes the disconjugate’differential operator 
ld 1 d d 1 d . 
L,zppp -... ----. 
p,(t) dt in- ,(t) dt df p,(t) dt p”(f) 
(6) 
Weassumethata>0,andpi,f,g:[u,co)-,RandH:[a,oo)XR-tRare 
continuous; pi(t) > 0, 0 < i < n; and g(t) + co as t + co. We set 
Y(t) 
L, Y(l) = -3 
PC+) 
LiY(f) = 
1 d 
--Lim,y(t), 
Pi(t) dt 
1 <i<n. (7) 
The domain of L, is defined to be the set of all functions y : [T,, 00 ] -+ R 
such that Li y(t), 0 < i < n, exist and are continuous on 1 T,, co ). In what 
follows, by a proper solution of (5) we mean a function y in the domain of 
L, which satisfies (5) for sufficiently large f and sup{ / y(t)1 : t > T} > 0 for 
every T 2 TV. A proper solution of Eq. (5) is called oscillatory if it has 
arbitrarily large zeros; otherwise the solution is called nonosciflutory. An 
oscillatory solution y(t) of (5) is said to be slowly osciluting if for any integer 
N > 0, there exist arbitrarily large consecutive zeros t, < t, such that 
t, - t, > N; otherwise the oscillatory solution is said to be nonslowly 
oscillatory or moderately oscillatory. A moderately oscillatory solution of (5) 
is said to be quickly oscillatory if for every E > 0, there exists a T > 0 such 
that for every pair t, and t, of consecutive zeros (of the solution) in [T, a~), 
It, - t,( < E. 
The phenomenon of quick oscillations can be simulated by a bouncing 
ball under the force of gravity. Each bounce will be progressively shorter 
until the ball comes to rest. 
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In regard to general oscillation criteria, we refer the reader to Onose [3], 
this author [7,8], and an excellent source of general information on the 
subject Shevelov [ 121. For slow oscillation and its impact on asymptotic 
nature of solutions of functional equations, we refer the reader to [4, 71. 
Related results can also be found in [2, lo]. 
Following our notations in [ 111, we let i, E { 1, 2 ,..., n - 1 }, 1 < k < n - 1, 
and t, s E [a, co). We define 
I,= 1, (8) 
Ik(tt s; Pik3***3 (9) 
It follows that 
For convenience we set, for 0 < i < n - 1, 
and 
Ji(tY S) =po(t) li(tT s;P, Y’*aY Pi), 
Ki(tT 8) =p,(t) li(tY s;P,- 1 v***) Pn-i), 
Ji(t) = Ji(t, a)9 
(11) 
(12) 
(13) 
K,(t) = Ki(t, a). (14) 
In this work, Eq. (5) will be studied both for canonical and noncanonical 
L,. The operator L, is said to be in canonical form [ 131 if the pi’s satisfy 
5 PPi(t) dt = 00, l<i<n-1. (15) 
Otherwise L, is said to be in non-canonical form. 
2. MAIN RESULTS 
L, In Canonical Form 
This means that condition (15) holds. It has been shown by Trench [ 131 
that any operator of the type of L, which is not in canonical form can be 
uniquely represented in the canonical form with a different set of pi’s. The 
following lemma is Theorem 1 in [ 111: 
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LEMMA 1. Suppose that (15) holds, g(t) < t, and there exists a number 
y E (0, l] and a continuous function q : [a, OZI) + [0, a~) such that 
If-w, x)l G 4(t) lxlY for (t, x) E [a, co) x R. (16) 
Suppose moreover that 
(‘l p,(t) IfWl dt < 00 (17) 
and 
(18) 
Then every proper solution y(t) of (5) satisj7es 
y(t) = O(J,-,(t)) as t + co. (19) 
THEOREM 1. Suppose g(t) < t, and there exists a number y E (0, 1 J and 
a continuous function q : [a, co) -+ [0, XI) such that (15~(18) are satisfied. 
Further suppose that p,,(t) is bounded and bounded away from zero in 
[a, co), and for each quadruple (d, m, /3, A) with d > 0, A > p > 0, and m > 0 
we have 
.1t4 --L 
4d lim+gp ] p&9 dr 
-I 
> lim sup / 
r-a Iu,ett"Kn-2(rTI) IlfP)l+ (mp,(g(r))J,~,(g(r)))'q(r)l drl. (20) I 
Let y(t) be an oscillatory solution of (5) such that 
lim s,p I y(t)1 > 0. + (21) 
Then y(t) is quickly oscillating. 
Proof Clearly y(t) is a proper oscillatory solution of (5). Then Li y(t) is 
also oscillatory for 0 < i < n - 1. Suppose to the contrary that y(t) is not 
quickly oscillating. Then it follows that there exists a number E > 0 such that 
for every T > 0 there exist consecutive zeros t, and t, of y(t) in (T, a) such 
that 
It, - t4 I > E. (22) 
From (19) and the fact that p,,(t) is bounded away from zero we have 
I Y(t)/Pcl(t)l G mJ,- 1(t) (23) 
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for t > T, where T is suffkiently large and m > 0 is a constant. Let t, and t, 
be consecutive zeros of y(t) satisfying (22) and be such that T < t, < t,. 
Since Li y(t) is oscillatory, we choose t, < T, < T, < .-. < T,-, such that 
Let 
Li Y(Ti) = 0, 2<i<n-1. (24) 
~4 = Max I Lo .W = Max I yW/~dt)l for tE [cl, t2]. 
In view of (20) and (21) we may suppose that there exists a d > 0 such that 
M > 2d (25) 
and that T is large enough so that 
4d 
II 
t+l3 
p,(r) dr 
t I 
-1 
I 
t+1 
> G2(ry t)[lf(r)l + (mpo(g(r))J,~l(g(r)))Yq(r)l dr (26) 
t 
for t > T. Repeated integrations of Eq. (5) yields 
lLz.W <jT*p3(r3)jT3p4(rJ -..jr”e2Pn-I(rn-,) 
12 f-3 rn-2 
X 
i 
T”m’p,(r)[lf(r)l + q(r) I y(g(r))lY] dr 
1,-l 
x dr,_, dr,-, ... dr, dr,. (27) 
Now suppose A4 is achieved at t, E (t,, t2). Then 
A4 = i’” (L, y(t))’ dt = - j” (L, y(t))’ dt. 
t1 to 
From (28) we have 
2M < I ‘* LN))’ I dt t1 
= I :’ bAt)ll’* [(lhW> I(4&))‘11”* e I&y(Wl”* dt. 
Schwarz’s inequality yields 
(28) 
4~4’ +#I dtj’* (l/p,(t)W,y(t))’ &,yW)’ dt. 
t1 11 
(29) 
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Integrating (29) by parts we have 
4M2 < jllP,(l) dt -I~2p2(t)(~,y(r))(L,yo) dt * 
I fl 11 
(30) yields 
603 
(30) 
4~4 <j%(t) 4’~2W l~z.~Wl df. 
11 II 
ye obtain From (27) and (31) \ 
(31) 
x I-*“-’ Pn(r>w-(r>l + 40.) I Ag(r)IYl “T”-l 
X drdr,_, ... dr, dr?. 
By a lemma of this author 161, (32) yields 
4M lj::p,(t)dt I-’ 
(32) 
since T< t, <t, < T, < T, < ... < T,_,. Using (10) and (23) we get 
X~,(r>[lf(r)l + (~po(g(r>)J,-,(g(r)>)Yq(r)j dr. 
(34) 
Using (12) in (34) we have 
4M Ijtt:p,(r) dt I-’ G~t~miK,-2(r, tJIl.fO-)I 
+ (mpo(g(r))J,~,(g(r)))Yq(r)l dr. (35) 
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Sincet,-t,~&andT,_,>t,wecanchoosep=t,-t,and~>T,_,-t,. 
Thus J > p > 0 and (35) yields 
t,+LJ -1 1,t.i 
4M LJ PI@> dt G fl I 1 Kn-2(r3 tJHf(r)l f* 
+ (mpo(g(r))J,-,(g(r)))Yq(r)l dr. (36) 
Since there exist arbitrarily large t,, t, and T,-, , T,_, > t, > t, > T, it 
follows from (36), and (20) that M < d which is a contradiction to (25). The 
proof is complete. 
EXAMPLE 1. Consider the equation 
((w”>Y’w + (1/t”>(Y(fi>>“” 
= (sin(t))“” _ 4 sin(P) _ 10 cos(t’), 
t6 t4 t6 
St > o. 
(37) 
It is easily seen that all the conditions of Lemma 1 and Theorem 1 are 
satisfied. This equation has y(t) = sin(t2) as a quickly oscillating solution 
satisfying the conclusion of the theorem. 
EXAMPLE 2. The equation 
Wt”WW>’ - W%(t) 
6 sin(t2) 4 sin(t2) 10 cos(t2) 
=-- 
t6 - t4 - t6 ’ t>O (38) 
has y(t) = sin(t2) as a solution satisfying the conditions and the conclusion 
of Theorem 1. 
THEOREM 2. In addition to all the conditions of Theorem 1 suppose 
q(t) > 0 for suflciently large t and 
lim inf VW 
t 1 
> 0 
t-a, q(t) ’ 
(39) 
Then any proper solution y(t) of (5) is either nonoscillatory or else it is 
quickly oscillating. 
Proof: All we need to show is that if y(t) is oscillatory, then 
lim zp ( y(t)( > 0. (40) 
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From Eq. (5) we have 
I Ln Y(O + s(t) I Y( gW)lY > If(t (41) 
Let T > 0 be sufficiently large so that q(t) > 0 for t > T. From (41) we have 
If (tl ‘L;;;tJi + I Y(&))lY> 4(t) (42) 
for t > T. Now if lim,_, y( g(t)) = 0, then (42) reveals that (L, y(t)) even 
tually assumes a constant sign. But this is impossible since y(t) is oscillatory. 
This contradiction essentially completes the proof. 
EXAMPLE 3. Consider the equation 
((l/t4)y’(t))’ + F (y(\/)>“’ = f + $3 t > 0. (43) 
By choosing q(t) = l/t’ we see that this equation satisfies all the conditions 
of Theorem 2. Thus any solution of (43) is either nonoscillatory or else it is 
quickly oscillating with no limit at co. In fact y(t) = l/t is one such solution. 
In relation to the equation 
y’“‘(t) + ff(L Y(&))) =f(t) (44 ) 
we have Corollary 1 and Corollary 2 as analogues of Theorems 1 and 2. 
COROLLARY 1. Suppose that g(t) ,< t and there exists a number 
y E (0, 1 ] and a continuous function q : la, co) + [0, co) such that (16) 
holds. Further suppose that 
. %’ 
( IfOl dt < ~0, (45) 
gt (11 y(n--‘) q(t) dt < 00, (46) 
and for each quadrupel (d, m, p, A), d > 0,1> p > 0, and m > 0 we have 
.t+a 
liy ~PJ, [If(r)1 + [m(g(t))ly’“P” q(r)1 rne2 dr< 4dlP. (47) 
Let y(t) be an oscillatory solution of (44) such that lim sup, -*CL 1y(t)1 > 0. 
Then y(t) is quickly oscillating. 
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COROLLARY 2. In addition to all the conditions of Corollary 1 suppose 
q(t) > 0 for suficiently large t and (39) holds. Then any proper solution y(t) 
of (44) is either nonoscillatory or else it is quickly oscillating. 
EXAMPLE 4. It is easily verified that all conditions of Corollary 2 are 
satisfied by the equation 
y”“(t) + y y(ln t) = f + 
cos(ln t) 
t9 
for t > 1 with q(t) = l/t”. Hence a solution of (48) either oscillates quickly 
or it is nonoscillatory. 
Remark. When a proper solution of (5) is bounded, the estimate (19) is 
not needed and Lemma 1 can be bypassed as is shown in 
THEOREM 3. Suppose that g(t) < t, and there exists a number y E (0, 11 
and a continuous function q : [a, co) + [ 0, a~) such that (16) holds. Further 
suppose that for each quadrupel (d, m, /?, A), d > 0, ,I > /? > 0, and m > 0 we 
have 
-I 
P,(T) dr > lim sup K,-2(r9 t)[lf(r>l + ms(r)ldr . f-co 
(49) 
Moreover, let p,,(t) be bounded and bounded away from zero. Then any 
bounded oscillatory solution of (5), not approaching a limit at 00, is quickly 
oscillating. 
Proof We proceed as in Theorem 1 and arrive at inequality (33) where 
we replace the estimate (19) by the bound of the solution. This completes the 
proof. 
In a similar manner we have the following analogue of Theorem 2 for 
bounded solutions of (5). 
THEOREM 4. In addition to all the conditions of Theorem 3 suppose 
q(t) > 0 for suflciently large t and condition (39) of Theorem 2 holds. Then 
any bounded proper solution of (5) is either nonoscillatory or it is quickly 
oscillating. 
EXAMPLE 5. The equation 
(eC3’y’(t))’ + eC’y(t) = fe-’ - 2eC*’ cos(e’) (50) 
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satisfies all the conditions of Theorems 3 and 4. Equation (50) has y(t) = 
i + sin(e’) as a quickly oscillating bounded solution. In fact by Theorem 4 
any proper solution of (50) is either quickly oscillating or nonoscillatory. 
Remark. So far we have dealt with canonical L,. We now turn to the 
case when L, is noncanonical so that condition (15) is not satisfied. 
3. NONCANONICAL L, 
According to Trench [ 131 a different set of functions &o(t), j,(t), F2(t),..., 
F,(t) can be found so that 
ld 1 d d 1 d . 
L,=----...----- 
P,(Q dt F,-i(t) dt dt F,(t) df A(t) 
(51) 
and 
.3p 
J 
fii(t) dt = co, l<i<n-1. (52) 
0 
The Fi(t), 0 < i < n, are determined up to positive multiplicative constants 
with product 1. Thus any operator of the type of L, which is not in 
canonical form can be put in canonical form and this representation is essen- 
tially unique. The actual computation leading to Fi, 0 < i < n, is tedious. In 
this section we shall establish analogues of Theorems 1 and 2 without 
explicitly obtaining Fi, 0 < i < n. We shall do this via the concept of prin- 
cipal system for an operator of the form of L,. 
A principal system for L, (see [ 131) . is a set of n solutions X,(t), X,(t) ,.... 
X,(r) of L,,,(t) = 0 which are eventually positive and satisfy 
In case L, is in canonical form the set of functions 
defined by (11) is a principal system for L,, and the set of functions 
W,W~ K,(Ov.., Kn- ,(t)i (55) 
is a principal system for the operator 
1 d 1 d 1 d. 
M, =--- . . . -___-- 
P&) dt p,(t) dt in- l(t) dt p,(t) 
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which is also in canonical form. For a general operator L, a principal 
system can easily be obtained by direct integration of the equation 
L,x(t) = 0. A-basic _property_of principal systems is that if {X,(t), X,(r),..., 
x,(Q) and {X,(t), x2@),..., x,(t) 1 are any two principal systems then the 
limits 
(57) 
exist and are finite. In terms of principal systems Lemma 1 can be stated as 
Lemma 2 which is our Theorem 1’ in [ 111: 
LEMMA 2. Suppose that g(t) < t, and there exists a number y E (0, 1 ] 
and a continuous function q : [a, 03)+ [0, a) such that (16) holds. Let 
{Xl(t), ~,(O,..., X,(t)} be a principal system for L, and let {Y,(t), Y*(t),..., 
Y,(t)} be a principal system for M, defined by (56). Suppose that 
and 
1 
cc 
Yl(t> If(t)I dt < 03 (58) 
i O” [Xn(&))lY Y,(t) q(t) dt < 0~). (59) 
Then every proper solution y(t) of (5) satisfies 
YW = ownw> as Woo. (60) 
The following theorem is an analogue of Theorem 1. 
THEOREM 5. Suppose that g(t) < t and there exists a number y E (0, 1 ] 
and a continuous function q : [a, co) --) [0, uz) such that (16) holds. Let 
{X,(t), X,(t) ,..., X,,(t)} and {Y,(t), Y,(t) ,..., Y,(t)} be as in Lemma 2. 
Moreover suppose that for each quadrupel (d, m, /3, A), d > 0, 1 > p > 0, and 
m > 0 we have 
I J 
r+D -1 
4d liy s,up pi(r) dr + I I 
t+A 
> lim sup 
i t+m t L&Nf WI + WCMW’dr)l dr. (61) 
Suppose, further, that p,,(t) is bounded above and bounded below away from 
zero. Let y(t) be an oscillatory solution of (5) such that 
Then y(t) is quickly oscillating. 
(62) 
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Proof It can be easily verified by direct integration of L, y(t) = 0 and 
M, y(t) = 0, where L, is in the canonical representation given in (51) that 
b$(t), <2WY..~ QN is equivalent to the set (Jo(t), J,(t),..., fU-,(t)} and 
{Y,(t), Y2(%.., Y,,(t)} is equivalent to the set (Z?,(t), p,(t),..., R’,-,(t)}. 
where Ji(t) and ki(t), 0 < i < n - 1 are constructed from the rS,, 0 ,< i ,< n, in 
a manner of (11) and (12). Now condition (20) of Theorem 1 is equivalent 
to (61). The proof is complete. 
The following theorem is analogue of Theorem 2. 
THEOREM 6. In addition to the conditions of Theorem 5 suppose q(t) > 0 
for suflciently large t and (39) holds. Then any proper solution of (5) 
satisfying (62) is either quickly oscillating or else it is nonoscillatory. 
EXAMPLE 6. The equation 
(t”y”(t))” + f y(1n t) = g + 
sin(ln t) 
t4 , t>O 
satisfies all the conditions of Theorem 6. Notice that if we set 
L, y(t) = (t”y”(r))” (64) 
then L, = M, and {t-‘, t-‘, 1, t) is a principal system for L, and hence also 
for M,. Thus any solution of (63) which satisfies (62) is either 
nonoscillatory or else it is quickly oscillating. Now if y(t) is any oscillatory 
solution of (63) then it follows from (39) that lim suptern 1 y(t)1 > 0. Since 
X,(t) = I/t’ we have lim sup ,-,(I y(t)l/X,(t)) > 0 satisfied for any oscillatory 
solution of (63). 
Hence any proper solution of (63) is either nonoscillatory or else it is 
quickly oscillating. 
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